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SOME IDENTITIES FOR DEGENERATE BERNOULLI
NUMBERS OF THE SECOND KIND
TAEKYUN KIM AND DAE SAN KIM
Abstract. We introduce the degenerate Bernoulli numbers of the sec-
ond kind as a degenerate version of the Bernoulli numbers of the second
kind. We derive a family of nonlinear differential equations satisfied by a
function closely related to the generating function for those numbers. We
obtain explicit expressions for the coefficients appearing in those differen-
tial equations and the degenerate Bernoulli numbers of the second kind. In
addition, as an application and from those differential equations we have
an identity expressing the degenerate Bernoulli numbers of the second kind
in terms of those numbers of higher-orders.
1. Introduction and preliminaries
As is well-known, the Bernoulli polynomials Bn(x) are defined by
t
et − 1
ext =
∞∑
n=0
Bn(x)
tn
n!
. (1.1)
A degenerate version of the Bernoulli polynomials Bn(x), denoted by βn(x)
and called the degenerate Bernoulli polynomials, was introduced in [1,2] by Car-
litz. They are given by
t
(1 + λt)
1
λ − 1
(1 + λt)
x
λ =
∞∑
n=0
βn(x)
tn
n!
. (1.2)
When x = 0, βn = βn(0) are called the degenerate Bernoulli numbers.
In [10], the degenerate exponential function eλ(t), (λ ∈ (0,∞), t ∈ R) was
introduced in order to study the degenerate gamma function Γλ(s) (0 < Re(s) <
1
λ
), and the degenerate Laplace transforms Lλ(f(t)) for functions f(t) defined
for t ≥ 0. The degenerate exponential function eλ(t) is defined by
eλ(t) = (1 + λt)
1
λ . (1.3)
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2 Some identities for degenerate Bernoulli numbers of the second kind
Thus, in terms of eλ(t), the degenerate Bernoulli numbers βn are given by
t
eλ(t)− 1
=
∞∑
n=0
βn
tn
n!
. (1.4)
The compositional inverse of eλ(t), denoted by logλ t and called the degenerate
logarithmic function, is given by
logλ t =
tλ − 1
λ
. (1.5)
The Bernoulli polynomials of the second kind bn(x) are defined by
t
log(1 + t)
(1 + t)x =
∞∑
n=0
bn(x)
tn
n!
. (1.6)
For x = 0, bn = bn(0) are called the Bernoulli numbers of the second kind.
In view of these considerations, the degenerate Bernoulli numbers of the sec-
ond kind bn,λ are naturally introduced as
t
logλ(1 + t)
=
λt
(1 + t)λ − 1
=
∞∑
n=0
bn,λ
tn
n!
, (λ 6= 0). (1.7)
In this paper, we consider the function
F = F (t) = F (t;λ) =
1
logλ(1 + t)
=
λ
(1 + t)λ − 1
, (1.8)
which is closely related to the generating function for bn,λ. We will derive a
family of nonlinear differential equations satisfied by F (t), and apply these to
find some identity expressing bn,λ in terms of higher-order degenerate Bernoulli
numbers of the second kind b
(r)
n,λ (see (4.1)). This line of study has been very
active in recent years, some of which are [4-7,11-13, 17].
Those family of differential equations involve certain coefficients ai,λ(N),
which are given by and uniquely determined by recurrence relations. One par-
ticular thing to note here is that those coefficients are explicitly determined in
terms of the degenerate Stirling numbers of the second kind S2,λ(n, k), and also
of the falling factorial polynomials.
The explicit formulas were obtained by using Faa` di Bruno formula ([3],
p.137) which is expressed in terms of the exponential partial Bell polynomi-
als Bn,k(x1, x2, · · · , xn−k+1) (see (3.1)). This idea of adopting Faa` di Bruno
formula has been fruitfully exploited by F. Qi and their colleagues. For this, we
let the reader refer to [15, 16] and the references therein.
The degenerate Stirling numbers of the first kind S1,λ(n, k) and those of the
second kind S2,λ(n, k) had been recently introduced respectively in [14] and
[9, 14]. Further, the related degenerate complete Bell and degenerate exponential
partial Bell polynomials were also introduced in [8].
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For each nonnegative integer k, the degenerate Stirling numbers of the second
kind S2,λ(n, k) are given by
1
k!
((1 + λt)
1
λ − 1)k =
∞∑
n=k
S2,λ(n, k)
tn
n!
. (1.9)
Also, the generalized falling factorial polynomials (x)n,λ are defined by
(x)n,λ = x(x − λ) · · · (x− (n− 1)λ), (n ≥ 1), (x)0,λ = 1. (1.10)
In particular, the falling factorial polynomials (x)n are given by (x)n = (x)n,1,
(n ≥ 0).
Here we state in the following two theorems which are snapshots of this paper.
Theorem 1.1. The family of nonlinear differential equations
(−1)N (1 + t)NF (N) =
N∑
i=0
ai,λ(N)F
i+1, (N = 1, 2, 3, · · · ) (1.11)
have a solution
F = F (t;λ) =
1
logλ(1 + t)
=
λ
(1 + t)λ − 1
,
where, for 0 ≤ i ≤ N .
ai,λ(N) = (−1)
Nλ−i
N∑
k=i
k∑
l=0
(−1)l
(
k
i
)(
k
l
)
(λl)N
= (−1)NλN−i
N∑
k=i
(−1)kk!
(
k
i
)
S2, 1
λ
(N, k).
(1.12)
Theorem 1.2. The degenerate Bernoulli numbers of the second kind bn,λ are
given by
bn,λ = (−1)
n
{
(1)n+1,λ
n+ 1
+
n−1∑
i=0
(1)i+1,λ
(i+ 1)!
(ai,λ(n)− nai,λ(n− 1))
}
=
(−1)n(1)n+1,λ
n+ 1
+
n−1∑
i=0
n∑
k=i
(1)i+1,λ
(i+ 1)!
(−1)kk!
(
k
i
)
λn−i−1
× (λS2, 1
λ
(n, k) + nS2, 1
λ
(n− 1, k))
=
(−1)n(1)n+1,λ
n+ 1
+
n−1∑
i=0
(1)i+1,λ
(i+ 1)!
λ−i
×
{ n∑
l=0
(−1)l
(
n
i
)(
n
l
)
(λl)n +
n−1∑
k=i
k∑
l=0
(−1)l
(
k
i
)(
k
l
)
(λl + 1)n
}
,
(1.13)
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where we understand that S2, 1
λ
(n− 1, n) = 0.
In summary, we introduce the degenerate Bernoulli numbers of the second
kind bn,λ as a degenerate version of Bernoulli numbers of the second kind. We
derive a family of nonlinear differential equations in (1.11) which are satisfied by
the function F (t) closely related to the generating function tF (t) of the numbers
bn,λ. We obtain the explicit expressions in (1.12) for the coefficients ai,λ(N)
appearing in those differential equations by using Faa` di Bruno formula (see
(3.4)). Then from the differential equations in (1.11) and the explicit expressions
of ai,λ(N) in (1.12) we will determine the explicit expressions of bn,λ in (1.13).
Finally, as an application we will derive an identity which expresses bn,λ in terms
of higher-order degenerate Bernoulli numbers of the second.
2. Differential equations satisfied by degenerate Bernoulli numbers
of the second kind
We let
F = F (t) = F (t;λ) =
1
logλ(1 + t)
, (λ 6= 0). (2.1)
Differentiation with respect to t of (2.1) gives us
F (1) =
−1
(logλ(1 + t))
2
(1 + t)λ−1
=
−1
(logλ(1 + t))
2
(
λ
1 + t
logλ(1 + t) +
1
1 + t
)
=
−1
1 + t
(
λ
logλ(1 + t)
+
(
1
logλ(1 + t)
)2)
=
−1
1 + t
(λF + F 2).
(2.2)
Further differentiation of (2.2) yields
F (2) =
(
−1
1 + t
)2
(λF + F 2) +
−1
1 + t
(λF (1) + 2FF (1))
=
(
−1
1 + t
)2
(λF + F 2)(1 + λ+ 2F )
=
(
−1
1 + t
)2 {
(λ + λ2)F + (1 + 3λ)F 2 + 2F 3
}
.
(2.3)
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Yet further differentiation gives us
F (3) =
−2
(1 + t)3
{
(λ+ λ2)F + (1 + 3λ)F 2 + 2F 3
}
+
(
−1
1 + t
)2
F (1)
{
(λ+ λ2) + (2 + 6λ)F + 6F 2
}
=
(
−1
1 + t
)3 {
(2λ+ 2λ2)F + (2 + 6λ)F 2 + 4F 3
}
+
(
−1
1 + t
)3
(λF + F 2)
{
(λ+ λ2) + (2 + 6λ)F + 6F 2
}
=
(
−1
1 + t
)3 {
(2λ+ 3λ2 + λ3)F + (2 + 9λ+ 7λ2)F 2 + (6 + 12λ)F 3 + 6F 4
}
.
(2.4)
The above observations lead us to put
F (N) =
(
−1
1 + t
)N N∑
i=0
ai,λ(N)F
i+1, (N = 1, 2, 3, · · · ). (2.5)
Our next task is to determine ai,λ(N), (0 ≤ i ≤ N).
By differentiating (2.5), we obtain
F (N+1) = N
(
−1
1 + t
)N+1 N∑
i=0
ai,λ(N)F
i+1
+
(
−1
1 + t
)N
F (1)
N∑
i=0
(i + 1)ai,λ(N)F
i
=
(
−1
1 + t
)N+1 N∑
i=0
Nai,λ(N)F
i+1
+
(
−1
1 + t
)N+1 N∑
i=0
(i+ 1)ai,λ(N)(λF + F
2)F i
=
(
−1
1 + t
)N+1 N∑
i=0
(N + λ+ iλ)ai,λ(N)F
i+1
+
(
−1
1 + t
)N+1 N∑
i=0
(i+ 1)ai,λ(N)F
i+2
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=
(
−1
1 + t
)N+1 N∑
i=0
(N + λ+ iλ)ai,λ(N)F
i+1
+
(
−1
1 + t
)N+1 N+1∑
i=1
iai−1,λ(N)F
i+1
=
(
−1
1 + t
)N+1{
(N + λ)a0,λ(N)F
+
N∑
i=1
(
(N + λ+ iλ)ai,λ(N) + iai−1,λ(N)
)
F i+1
+ (N + 1)aN,λ(N)F
i+2
}
.
(2.6)
On the other hand, by replacing N by N + 1 in (2.5), we have
F (N+1) =
(
−1
1 + t
)N+1 N+1∑
i=0
ai,λ(N + 1)F
i+1. (2.7)
Comparing (2.6) and (2.7), we get the following recurrence relations:
a0,λ(N + 1) = (N + λ)a0,λ(N),
aN+1,λ(N + 1) = (N + 1)aN,λ(N),
ai,λ(N + 1) = (N + (i + 1)λ)ai,λ(N) + iai−1,λ(N), for 1 ≤ i ≤ N.
(2.8)
From (2.5) with N = 1 and (2.2), we obtain the initial conditions
a0,λ(1) = λ, a1,λ(1) = 1. (2.9)
We now observe from (2.8) and (2.9) that
a0,λ(N + 1) = (N + λ)a0,λ(N)
= (N + λ)(N + λ− 1)a0,λ(N − 1)
= · · ·
= (N + λ)(N + λ− 1) · · · (N + λ− (N − 1))a0,λ(1)
= (N + λ)N+1,
(2.10)
where (x)N = x(x − 1) · · · (x −N + 1), (N ≥ 1), and (x)0 = 1.
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Also, from (2.8) and (2.9) we have
aN+1,λ(N + 1) = (N + 1)aN,λ(N)
= (N + 1)NaN−1,λ(N − 1)
= · · ·
= (N + 1)N · · · 2a1,λ(1)
= (N + 1)!.
(2.11)
Let i be a fixed integer with 1 ≤ i ≤ N . Then, from (2.8) and (2.11), we
observe that
ai,λ(N + 1) = (N + (i + 1)λ)ai,λ(N) + iai−1,λ(N)
= (N + (i + 1)λ)
{
(N + (i+ 1)λ− 1)ai,λ(N − 1) + iai−1,λ(N − 1)
}
+ iai−1,λ(N)
= (N + (i + 1)λ)(N + (i+ 1)λ− 1)ai,λ(N − 1)
+ i(N + (i+ 1)λ)ai−1,λ(N − 1) + iai−1,λ(N)
= (N + (i + 1)λ)(N + (i+ 1)λ− 1)
×
{
(N + (i + 1)λ− 2)ai,λ(N − 2) + iai−1,λ(N − 2)
}
+ i(N + (i+ 1)λ)ai−1,λ(N − 1) + iai−1,λ(N)
= (N + (i + 1)λ)(N + (i+ 1)λ− 1)(N + (i+ 1)λ− 2)ai,λ(N − 2)
+ i
2∑
l=0
(N + (i + 1)λ)lai−1,λ(N − l)
= · · ·
= i!(N + (i+ 1)λ)N−i+1
+ i
N−i∑
l=0
(N + (i+ 1)λ)lai−1,λ(N − l).
Thus we have shown that
ai,λ(N + 1) = i!(N + (i+ 1)λ)N−i+1
+ i
N−i∑
l=0
(N + (i+ 1)λ)lai−1,λ(N − l),
(2.12)
for 1 ≤ i ≤ N .
Now, from (2.5) and (2.10)-(2.12), we get the following theorem.
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Theorem 2.1. The family of nonlinear differential equations
(−1)N (1 + t)NF (N) =
N∑
i=0
ai,λ(N)F
i+1, (N = 1, 2, 3, · · · )
have a solution
F = F (t;λ) =
1
logλ(1 + t)
=
λ
(1 + t)λ − 1
,
where ai,λ(N)(0 ≤ i ≤ N) are uniquely determined by
a0,λ(N) = (N + λ− 1)N , (2.13)
ai,λ(N) = i!(N + (i + 1)λ− 1)N−i
+ i
N−i−1∑
l=0
(N + (i+ 1)λ− 1)lai−1,λ(N − l − 1), (1 ≤ i ≤ N − 1),
(2.14)
aN,λ(N) = N !. (2.15)
3. Explicit determination of ai,λ(N) and bn,λ
In this section, we would like to determine explicit expressions for ai,λ(N)
and bn,λ. For this purpose, we will make use of the exponential partial Bell
polynomials Bn,k(x1, x2, · · · , xn−k+1) and Faa` di Bruno formula (see [3], p.133)
which have been intensively used by F. Qi et al (see [16]).
Further, we will show that our result can be expressed also in terms of the
degenerate Stirling numbers of the second kind S2,λ(n, k) (see [9, 14]).
The exponential partial Bell polynomialsBn,k(x1, x2, · · · , xn−k+1) are defined
by
Bn,k(x1, x2, · · · , xn−k+1)
=
∑ n!∏n−k+1
l=1 il!
n−k+1∏
l=1
(xl
l!
)il
, (n ≥ k ≥ 0),
(3.1)
where the sum runs all nonnegative integers i1, i2, · · · , in−k+1 satisfying i1+ i2+
· · ·+ in−k+1 = k, and i1 + 2i2 + · · ·+ (n− k + 1)in−k+1 = n, (see [3], p.133).
The generating function for Bn,k(x1, x2, · · · , xn−k+1) is given by
1
k!
(
∞∑
i=1
xi
ti
i!
)k
=
∞∑
n=k
Bn,k(x1, x2, · · · , xn−k+1)
tn
n!
, (see [3], p.133). (3.2)
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Replacing xi by (1)i,λ (i = 1, 2, · · · ) in (3.2), we easily obtain the following
expressions
Bn,k((1)1,λ, (1)2,λ, · · · , (1)n−k+1,λ)
=
(−1)k
k!
k∑
l=0
(−1)l
(
k
l
)
(l)n,λ = S2,λ(n, k), (n ≥ k), (see (1.9), (1.10)).
(3.3)
Here we note that the first equality in (3.3) was derived in [16] and the whole
equalities were also obtained in (1.7) and (2.18) of [8].
The next Faa` di Bruno formula has played important role in many of the
papers by F. Qi and his colleagues (see, for example [16]).
dn
dtn
f ◦ g(t)
=
n∑
k=0
f (k)(g(t))Bn,k(g
′(t), g′′(t), · · · , g(n−k+1)(t)), (see [3, p.137]).
(3.4)
We need one more formula from ([3], p.135).
Bn,k(abx1, ab
2x2, · · · , ab
n−k+1xn−k+1)
= akbnBn,k(x1, x2, · · · , xn−k+1), (see [3, p.135]).
(3.5)
We are now going to show the following theorem about explicit expressions
for ai,λ(N).
Theorem 3.1. For 0 ≤ i ≤ N ,
ai,λ(N) = (−1)
Nλ−i
N∑
k=i
k∑
l=0
(−1)l
(
k
i
)(
k
l
)
(λl)N
= (−1)NλN−i
N∑
k=i
(−1)kk!
(
k
i
)
S2, 1
λ
(N, k).
(3.6)
Proof. We apply the Faa` di Bruno formula in (3.4) with
u = g(t) =
(1 + t)λ − 1
λ
, f(u) =
1
u
.
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Then, by using (3.5), we have
dN
dtN
F (t) =
dN
dtN
f ◦ g(t)
=
N∑
k=0
(
1
u
)(k)
Bn,k(g
′(t), g′′(t), · · · , g(N−k+1)(t))
=
N∑
k=0
(−1)kk!
1
uk+1
(1 + t)λk−NλN−k
×BN,k
(
(1)1, 1
λ
, (1)2, 1
λ
, · · · , (1)N−k+1, 1
λ
)
.
(3.7)
With λ replaced by 1
λ
in (3.3), from (3.7) we obtain two different expressions.
(−1)N(1 + t)N d
N
dtN
F (t)
= (−1)N
∑N
k=0(−1)
kk! 1
uk+1
(1 + t)λkλN−kS2, 1
λ
(N, k) (3.8)
= (−1)N
∑N
k=0
1
uk+1
(1 + t)λkλ−k
∑k
l=0(−1)
l
(
k
l
)
(λl)N . (3.9)
Before proceeding further, we observe the following.
1
uk+1
(1 + t)λkλ−k
=
1
uk+1
(
(1 + t)λ − 1
λ
+
1
λ
)k
=
1
u
(
1 +
1
λ
u−1
)k
=
1
u
k∑
i=0
(
k
i
)
λ−iu−i
=
k∑
i=0
(
k
i
)
λ−i
1
ui+1
.
(3.10)
Substituting (3.10) respectively into (3.8) and (3.9) we have
(−1)N(1 + t)N d
N
dtN
F (t)
= (−1)N
∑N
i=0 λ
N−i
∑N
k=i(−1)
kk!
(
k
i
)
S2, 1
λ
(N, k)F i+1 (3.11)
= (−1)N
∑N
i=0 λ
−i
∑N
k=i
∑k
l=0(−1)
l
(
k
i
)(
k
l
)
(λl)NF
i+1. (3.12)
Now, by comparing (3.11) and (3.12) with (2.5), the derived results follow. 
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Corollary 3.2. For N = 1, 2, · · · , the sequence of numbers ai,λ(N) (0 ≤ i ≤ N)
uniquely determined by the recurrence relations (2.13)-(2.15) is explicitly given
by
ai,λ(N) = (−1)
Nλ−i
N∑
k=i
k∑
l=0
(−1)l
(
k
i
)(
k
l
)
(λl)N
= (−1)NλN−i
N∑
k=i
(−1)kk!
(
k
i
)
S2, 1
λ
(N, k).
Next, we want to derive explicit expressions for bn,λ by using the result in the
above theorem.
Theorem 3.3. The degenerate Bernoulli numbers of the second kind bn,λ are
given by
bn,λ = (−1)
n
{
(1)n+1,λ
n+ 1
+
n−1∑
i=0
(1)i+1,λ
(i+ 1)!
(ai,λ(n)− nai,λ(n− 1))
}
=
(−1)n(1)n+1,λ
n+ 1
+
n−1∑
i=0
n∑
k=i
(1)i+1,λ
(i+ 1)!
(−1)kk!
(
k
i
)
λn−i−1
× (λS2, 1
λ
(n, k) + nS2, 1
λ
(n− 1, k))
=
(−1)n(1)n+1,λ
n+ 1
+
n−1∑
i=0
(1)i+1,λ
(i+ 1)!
λ−i
×
{ n∑
l=0
(−1)l
(
n
i
)(
n
l
)
(λl)n +
n−1∑
k=i
k∑
l=0
(−1)l
(
k
i
)(
k
l
)
(λl + 1)n
}
,
(3.13)
where we understand that S2, 1
λ
(n− 1, n) = 0.
Proof. First, we note that
bn,λ = lim
t→0
(tF (t))(n), (3.14)
where, from (2.1) and (2.5), we have
(tF (t))(n) = tF (t)(n) + nF (t)(n−1) =
(
−1
1 + t
)n
×
t
∑n
i=0 ai,λ(n)(logλ(1 + t))
n−i − n(1 + t)
∑n−1
i=0 ai,λ(n− 1)(logλ(1 + t))
n−i
(logλ(1 + t))
n+1
.
(3.15)
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Thus, from (3.14) and (3.15), we obtain
bn,λ = (−1)
n lim
w→0
Sn,w,λ
wn+1
. (3.16)
Here
Sn,w,λ = (eλw − 1)
n∑
i=0
ai,λ(n)w
n−i − neλw
n−1∑
i=0
ai,λ(n− 1)w
n−i
= (eλw − 1)an,λ(n)−
n−1∑
i=0
ai,λ(n)w
n−i
+
n−1∑
i=0
(ai,λ(n)− nai,λ(n− 1))w
n−ieλw
= n!
∞∑
j=1
(1)j,λ
j!
wj −
n∑
j=1
an−j,λ(n)w
j
+
n∑
i=1
(an−i,λ(n)− nan−i,λ(n− 1))w
i
∞∑
l=0
(1)l,λ
l!
wl
= n!
∞∑
j=1
(1)j,λ
j!
wj −
n∑
j=1
an−j,λ(n)w
j
+
∞∑
j=1
min{n,j}∑
i=1
(1)j−i,λ
(j − i)!
(an−i,λ(n)− nan−i,λ(n− 1))w
j
=
n∑
j=1
{
n!
(1)j,λ
j!
− an−j,λ(n) +
j∑
i=1
(1)j−i,λ
(j − i)!
(an−i,λ(n)− nan−i,λ(n− 1))
}
wj
+
∞∑
j=n+1
{
n!
(1)j,λ
j!
+
n∑
i=1
(1)j−i,λ
(j − i)!
(an−i,λ(n)− nan−i,λ(n− 1))
}
wj .
(3.17)
Hence, from (3.16) and (3.17), we see that
j∑
i=1
(1)j−i,λ
(j − i)!
(
an−i,λ(n)− nan−i,λ(n− 1)
)
= an−j,λ(n)− n!
(1)j,λ
j!
, (1 ≤ j ≤ n),
(3.18)
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and
bn,λ = (−1)
n
{
n!
(1)n+1,λ
(n+ 1)!
+
n∑
i=1
(1)n+1−i,λ
(n+ 1− i)!
(an−i,λ(n)− nan−i,λ(n− 1))
}
= (−1)n
{
(1)n+1,λ
n+ 1
+
n−1∑
i=0
(1)i+1,λ
(i+ 1)!
(ai,λ(n)− nai,λ(n− 1))
}
(3.19)
Finally, the rest of assertions in (3.13) follows from (3.19) together with (3.6).

During the course of the proof of the above theorem, we have shown the
following result.
Corollary 3.4. For each n = 1, 2, · · · , the sequences {aj,λ(n)}
n−1
j=0 and {aj,λ(n−
1)}n−1j=0 satisfy the following identities.
j∑
i=1
(1)j−i,λ
(j − i)!
(
an−i,λ(n)− nan−i,λ(n− 1)
)
= an−j,λ(n)− n!
(1)j,λ
j!
, (1 ≤ j ≤ n).
Theorem 3.5. For N ≥ k ≥ 0, we have
lim
λ→0
λN−kS2, 1
λ
(N, k)
= lim
λ→0
λN−kBN,k
(
(1)1, 1
λ
, (1)2, 1
λ
, · · · , (1)N−k+1, 1
λ
)
= S1(N, k),
(3.20)
where S1(N, k) are the signed Stirling numbers of the first kind.
Proof. Here we give two different proofs for this. From (3.3) and (3.5), we note
that
BN,k
(
1, (λ− 1), (λ− 1)(λ− 2), · · · , (λ − 1), (λ− 2) · · · (λ− (N − k))
)
= λN−kBN,k
(
(1)1, 1
λ
, (1)2, 1
λ
, · · · , (1)N−k+1, 1
λ
)
= λN−kS2, 1
λ
(N, k).
(3.21)
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Thus from (3.21), we have
lim
λ→0
λN−kS2, 1
λ
(N, k)
= BN,k
(
(−1)00!, (−1)11!, (−1)22!, · · · , (−1)N−k(N − k)!
)
= (−1)N−kBN,k
(
0!, 1!, 2!, · · · , (N − k)!
)
= (−1)N−k|S1(N, k)|
= S1(N, k), (see [3, p.135]).
For another proof, we consider
∞∑
N=k
λN−kBN,k
(
(1)1, 1
λ
, (1)2, 1
λ
, · · · , (1)N−k+1, 1
λ
) tN
N !
= λ−k
∞∑
N=k
BN,k
(
(1)1, 1
λ
, (1)2, 1
λ
, · · · , (1)N−k+1, 1
λ
) (λt)N
N !
= λ−k
1
k!
(
∞∑
i=1
(1)i, 1
λ
(λt)i
i!
)k
= λ−k
1
k!
(
(1 + t)λ − 1
)k
=
1
k!
(
logλ(1 + t)
)k
.
(3.22)
The statement follows now from (3.21) and (3.22). 
Corollary 3.6. For 0 ≤ i ≤ N ,
lim
λ→0
ai,λ(N) = (−1)
N (−1)ii!S1(N, i). (3.23)
Proof. From (3.6), we have
ai,λ(N) = (−1)
N
N∑
k=i
λk−i(−1)kk!
(
k
i
)
λN−kS2, 1
λ
(N, k).
Now, the result follows from (3.20). 
Making use of (3.20) and taking λ→ 0 in (3.7), we get(
1
log(1 + t)
)(N)
=
1
(1 + t)N
N∑
k=0
(−1)kk!
S1(N, k)
(log(1 + t))k+1
, (N ≥ 0), (3.24)
which agrees with the results in [15, 16].
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In the same way, invoking (3.23) and taking λ→ 0 in (3.15), we obtain
(
t
log(1 + t)
)(n)
=
1
(1 + t)n
n∑
i=0
(−1)ii!(tS1(n, i) + n(1 + t)S1(n− 1, i))
(log(1 + t))i+1
, (n ≥ 1),
(3.25)
which again agrees with the results in [15, 16].
Here we understand that S1(n− 1, n) = 0.
The Bernoulli numbers of the second kind bn are defined by the generating
function
t
log(1 + t)
=
∞∑
n=0
bn
tn
n!
. (3.26)
Thus from (1.7) we see that bn = limλ→0 bn,λ. By taking the limit λ → 0 of
the expression in (3.13) and making use of either (3.20) or (3.23), we obtain
bn =
n∑
i=0
(−1)i
i+ 1
(
S1(n, i) + nS1(n− 1, i)
)
, (n ≥ 1), (3.27)
where S1(n− 1, n) = 0. Again, we see that (3.27) agrees with the result in ([15],
(1.4), (2.18), (3.11)).
Next, we will present two different expansions for bn,λ.
We first observe that
(1 + t)λ − 1
λt
=
∞∑
n=0
(λ− 1)n
n+ 1
tn
n!
. (3.28)
Thus from (3.28) we get
1 =
(
∞∑
l=0
bl,λ
tl
l!
)(
∞∑
m=0
(λ− 1)m
m+ 1
tm
m!
)
=
∞∑
n=0
(
n∑
l=0
1
n− l + 1
(
n
l
)
(λ − 1)n−lbl,λ
)
tn
n!
.
(3.29)
Now, we derive the following recurrence relation for bn,λ from (3.29):
b0,λ = 1, bn,λ = −
n−1∑
l=0
1
n− l + 1
(
n
l
)
(λ− 1)n−lbl,λ, (n ≥ 1). (3.30)
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In order to find another expression for bn,λ, we consider the following.
∞∑
n=0
bn,λ
tn
n!
=
1
1− (1− (1+t)
λ−1
λt
)
=
∞∑
k=0
(−1)k
(
(1 + t)λ − 1
λt
− 1
)k
=
∞∑
k=0
(−1)k
(
∞∑
m=1
(λ− 1)m
m+ 1
tm
m!
)k
=
∞∑
k=0
(−1)k
∞∑
n=k

 ∑
m1+···+mk=n
mi≥1
(
n
m1, · · · ,mk
)
(λ− 1)m1
m1 + 1
· · ·
(λ− 1)mk
mk + 1

 tn
n!
=
∞∑
n=0

 n∑
k=0
(−1)k
∑
m1+···+mk=n
mi≥1
(
n
m1, · · · ,mk
)
(λ− 1)m1
m1 + 1
· · ·
(λ− 1)mk
mk + 1
.

 tn
n!
.
(3.31)
Thus from (3.31) we see that
bn,λ =
n∑
k=0
(−1)k
∑
m1+···+mk=n
mi≥1
(
n
m1, · · · ,mk
)
(λ− 1)m1
m1 + 1
· · ·
(λ− 1)mk
mk + 1
. (3.32)
4. Applications of differential equations
For any positive integer r, the degenerate Bernoulli numbers of the second
kind of order r are defined by(
t
logλ(1 + t)
)r
=
(
λt
(1 + t)λ − 1
)r
=
∞∑
n=0
b
(r)
n,λ
tn
n!
. (4.1)
Here, using the nonlinear differential equation in Theorem 2.1, we will derive
an identity which expresses the degenerate Bernoulli numbers of the second kind
in terms of those numbers of higher-order.
We recall here that the degenerate Bernoulli numbers of the second kind bn,λ
are given by
t
logλ(1 + t)
= tF (t) =
∞∑
j=0
bj,λ
tj
j!
. (4.2)
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On the one hand, from (4.2) we have
∞∑
j=0
bj+N,λ
tj
j!
=
(
tF (t)
)(N)
. (4.3)
On the other hand, for N ≥ 1 and from Theorem 2.1 we have
(
tF (t)
)(N)
= tF (t)(N) +NF (t)(N−1)
=
(
−1
1 + t
)N {
t
N∑
i=0
ai,λ(N)F
i+1 −N(1 + t)
N−1∑
i=0
ai,λ(N − 1)F
i+1
}
=
(
−1
1 + t
)N { N∑
i=0
ai,λ(N)t
−i
(
tF
)i+1
−N
N−1∑
i=0
ai,λ(N − 1)t
−i−1
(
tF
)i+1
−N
N−1∑
i=0
ai,λ(N − 1)t
−i
(
tF
)i+1}
=
∞∑
m=0
(−1)N+m
(
N +m− 1
m
)
tm
×
{ N∑
i=0
∞∑
l=0
ai,λ(N)b
(i+1)
l,λ
tl−i
l!
−N
N−1∑
i=0
∞∑
l=0
ai,λ(N − 1)b
(i+1)
l,λ
tl−i−1
l!
−N
N−1∑
i=0
∞∑
l=0
ai,λ(N − 1)b
(i+1)
l,λ
tl−i
l!
}
=
∞∑
m=0
N∑
i=0
∞∑
l=0
(−1)N+m
(
N +m− 1
m
)
ai,λ(N)b
(i+1)
l,λ
tm+l−i
l!
−N
∞∑
m=0
N−1∑
i=0
∞∑
l=0
(−1)N+m
(
N +m− 1
m
)
ai,λ(N − 1)b
(i+1)
l,λ
tm+l−i−1
l!
−N
∞∑
m=0
N−1∑
i=0
∞∑
l=0
(−1)N+m
(
N +m− 1
m
)
ai,λ(N − 1)b
(i+1)
l,λ
tm+l−i
l!
.
(4.4)
The first sum in (4.4) is
∞∑
m=0
N∑
i=0
∞∑
l=0
Cm,i,l(N)t
m+l−i, (4.5)
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with
Cm,i,l(N) = (−1)
N+m
(
N +m− 1
m
)
ai,λ(N)b
(i+1)
l,λ
1
l!
.
We observe that (4.5) is equal to
∞∑
m=0
N∑
i=0
∞∑
l=−i
Cm,i,l+i(N)t
m+l
=
∞∑
m=0
∞∑
l=0
N∑
i=0
Cm,i,l+i(N)t
m+l +
∞∑
m=0
−1∑
l=−N
N∑
i=−l
Cm,i,l+i(N)t
m+l
=
∞∑
j=0
j∑
l=0
N∑
i=0
Cj−l,i,l+i(N)t
j +
∞∑
j=−N
min{−1,j}∑
l=−N
N∑
i=−l
Cj−l,i,l+i(N)t
j
=
∞∑
j=0
j∑
l=0
N∑
i=0
Cj−l,i,l+i(N)t
j +
∞∑
j=0
−1∑
l=−N
N∑
i=−l
Cj−l,i,l+i(N)t
j
+
−1∑
j=−N
j∑
l=−N
N∑
i=−l
Cj−l,i,l+i(N)t
j
=
∞∑
j=0
j∑
l=−N
N∑
i=max{0,−l}
Cj−l,i,l+i(N)t
j +
−1∑
j=−N
j∑
l=−N
N∑
i=max{0,−l}
Cj−l,i,l+i(N)t
j
=
∞∑
j=−N
j∑
l=−N
N∑
i=max{0,−l}
Cj−l,i,l+i(N)t
j
(4.6)
=
∞∑
j=−N
j∑
l=−N
N∑
i=max{0,−l}
(−1)N+j+l
(
N + j − l − 1
j − l
)
ai,λ(N)b
(i+1)
l+i,λ
1
(l + i)!
tj .
Proceeding in the same way, the second and third sums in (4.4) are respec-
tively given by
∞∑
j=−N
j∑
l=−N
N−1∑
i=max{0,−l−1}
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
× ai,λ(N − 1)b
(i+1)
l+i+1,λ
1
(l + i+ 1)!
tj ,
(4.7)
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∞∑
j=−(N−1)
j∑
l=−(N−1)
N−1∑
i=max{0,−l}
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
× ai,λ(N − 1)b
(i+1)
l+i,λ
1
(l + i)!
tj .
(4.8)
Now, from (4.6)-(4.8) and separating the sum into the singular and nonsin-
gular ones we obtain
(
tF (t)
)(N)
=
∞∑
j=0
{ j∑
l=−N
N∑
i=max{0,−l}
(−1)N+j+l
(
N + j − l − 1
j − l
)
ai,λ(N)b
(i+1)
l+i,λ
j!
(l + i)!
+
j∑
l=−N
N−1∑
i=max{0,−l−1}
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
× ai,λ(N − 1)b
(i+1)
l+i+1,λ
j!
(l + i + 1)!
+
j∑
l=−(N−1)
N−1∑
i=max{0,−l}
N(−1)N+j+l+1
(
N + j − l− 1
j − l
)
× ai,λ(N − 1)b
(i+1)
l+i,λ
j!
(l + i)!
}
tj
j!
+
−1∑
j=−(N−1)
{ j∑
l=−N
N∑
i=−l
(−1)N+j+l
(
N + j − l − 1
j − l
)
× ai,λ(N)b
(i+1)
l+i,λ
1
(l + i)!
=
j∑
l=−N
N−1∑
i=−l−1
N(−1)N+j+l+1
(
N + j − l− 1
j − l
)
× ai,λ(N − 1)b
(i+1)
l+i+1,λ
1
(l + i + 1)!
+
j∑
l=−(N−1)
N−1∑
i=−l
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
ai,λ(N − 1)b
(i+1)
l+i,λ
1
(l + i)!
}
tj .
(4.9)
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Finally, comparing (4.3) and (4.9) we get the following theorem and corollary.
Theorem 4.1. For j = 0, 1, 2, · · · , and N = 1, 2, 3, · · · , we have the following
identity.
bj+N,λ
=
j∑
l=−N
N∑
i=max{0,−l}
(−1)N+j+l
(
N + j − l − 1
j − l
)
× ai,λ(N)b
(i+1)
l+i,λ
j!
(l + i)!
+
j∑
l=−N
N−1∑
i=max{0,−l−1}
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
ai,λ(N − 1)b
(i+1)
l+i+1,λ
j!
(l + i+ 1)!
+
j∑
l=−(N−1)
N−1∑
i=max{0,−l}
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
× ai,λ(N − 1)b
(i+1)
l+i,λ
j!
(l + 1)!
.
Corollary 4.2. For N ≥ 2 and −(N−1) ≤ j ≤ −1, the following identity holds
true.
j∑
l=−N
N∑
i=−l
(−1)N+j+l
(
N + j − l − 1
j − l
)
ai,λ(N)b
(i+1)
l+i,λ
1
(l + i)!
+
j∑
l=−N
N−1∑
i=−l−1
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
ai,λ(N − 1)b
(i+1)
l+i+1,λ
1
(l + i+ 1)!
+
j∑
l=−(N−1)
N−1∑
i=−l
N(−1)N+j+l+1
(
N + j − l − 1
j − l
)
ai,λ(N − 1)b
(i+1)
l+i,λ
1
(l + i)!
= 0.
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